The problem of photon-photon interaction controlled by a two-level system is studied in this paper. Specifically, we have proposed two scenarios: Case 1, how a two-level system changes the pulse shapes of two initially uncorrelated input photons in a single input channel; and Case 2, how a two-level system entangles two counter-propagating photons, one in each input channel. The steady-state output field states for both cases are derived explicitly. For Case 1, the Wigner spectrum is used to exhibit the interesting properties of the output field state. For Case 2, the nonlinear property of the interaction between the two-level system and the two input photons has been revealed by the probabilities of observing photons in the output channels. In addition, two-photon interference, similar to Hong-Ou-Mandel effect, occurs when the two input photons are chosen with the same pulse shape.
Introduction
Two-level systems (e.g., two-level atoms) are the simplest nonlinear quantum systems yet with rich nonlinear dynamics. The study of the interaction between photons and two-level systems is of great importance for quantum information processing, as photon-photon interaction controlled by a two-level system has many applications. For example, the strong nonlinear interaction between photons and optical emitters can be used to engineer a single-photon transistor [4] . The operation principle of the single-photon transistor is to use either zero or one photon in the storage step, then the subsequent transmitted or reflected photons are controlled by the conditional flip of the "gate" pulse. Another single-photon transistor is introduced in [27] to setup a circuit quantum electrodynamical (circuit QED) model, which consists of two two-level systems. Although no photons are exchanged between the two transmission lines in this circuit, one photon can completely block or enable the propagation of the other by the interaction between the two two-level systems. Recently, the realization of an optical transistor is given in [5] , which consists of a four-level system and a stored photon to control the transmission of source photons.
The interaction between two-level systems and single-photon states has been well studied, see e.g., [37, 36] . In particular, the transmission and reflection probabilities in terms of the stationary output photon state are discussed. In [32] , an analytical expression of the output field state has been derived for a class of quantum finite-level systems driven by single-photon input states. Interestingly, it is shown that linear systems theory [55, 52] can be adopted to derive the pulse shapes of the output single-photon states.
In addition to single-photon input states, two-photon scattering by a two-level system has been studied, see e.g., [38, 56, 22, 29, 53] . Based on the analysis of photon pulse shapes, scattering dynamics for copropagating and counter-propagating photons are investigated in [29] . By combining the input-output formalism and the scattering matrix (S-matrix) method [38] , one-and two-photon transport behavior has been investigated in [10, 35, 46] . The above studies were generalized to the N -photon scattering in [46] , where an N -photon S matrix is derived. For control engineering, it would be very useful to have the explicit form of the output filed state to enable the cascade systems analysis [14] . Unfortunately, no exact analytical expressions for the pulse shape of the output two-photon field state have been given in the literature.
Recently, a quantum stochastic differential equation (QSDE) approach has been presented in [31] , the response of quantum systems (including optical cavities, optomechanical systems and two-level atoms) to a continuous-mode two-photon state has been analyzed. The theory proposed there is for general passive quantum systems, see in particular Section 3 in [31] . An analytic expression of the output field state of a two-level system driven by two photons is not given; instead, a simulation with two specific pulse shapes of the input photons is done in Section 6.2. Unfortunately, the form of the output field state [31, Eq. (56) ] is not accurate; as a consequence, the subsequent simulation results are not convincing. In fact, the probability of observing at least one photon in the first output (namely, the right-going) channel [31, Fig. 6 ] cannot be less than 0.5. Indeed, it has been shown that the probability of observing two photons in the second output (namely, left-going) channel is less than 0.25 when the temporal decay rate of the incident photon pulse is bigger than the atom's spontaneous emission rate, see α ≥ 1 in [36, Fig. 2(a) ]. In other words, the probability of observing at least one photon in the first output (namely, the right-going) channel should be at least 0.75. Our simulation has also confirmed this, see Fig. 4 in section 5.
Motivated by the above discussions, in this paper we give explicit expressions of the output field states of a two-level system driven by two input photons. Two cases are studied. In Case 1, there is one input channel which contains two photons. The analytic form of the output two-photon state is derived, from which one can see that the pulse shape contains 16 terms (see Eq. (3.51) for detail). Interestingly, this is consistent with two-photon filtering for a two-level system driven by a two-photon state, in which a system of 16 ordinary differential equations are needed to derive the two-photon quantum filter [40] . We also investigate the Wigner spectrum of the output two-photon state. The Wigner spectrum can be used to study continuous-mode photon states in the time domain and frequency domain simultaneously. Moreover, it could provide more information than the normal ordering where the Dirac delta function in the correlation function is discarded [44, 9] . Here, we compare the Wigner spectra for the input and the output two-photon states, see Fig. 1 . The comparison reveals several interesting properties of the output two-photon state. By the best knowledge of the authors, these properties have not yet been reported in the literature. In Case 2, there are two input channels, each of which having one photon. After deriving the analytic form of the output two-photon state, a rather detailed simulation is performed, which reveals the Hong-Ou-Mandel effect [18] and simulated emission phenomenon [36] in quantum optics.
In recent years, the problem of analysis and control of two-level systems has been investigated in the quantum control community. For example, control of closed two-level systems via Hamiltonian modulation has been studied in, e.g., [6, 17, 25, 20, 8, 50, 34, 7] . The systems studied in these papers are closed systems in the sense that there are no fluctuating external fields and the control appears in the form of modulated system Hamiltonian; therefore, quantum noise was not considered in these studies. On the other hand, control of open two-level systems has been studied in, e.g., [42, 26, 49] . In these studies, the input signal is a probe laser. Single-and multi-photon states have found promising applications in quantum information and quantum computation [28, 30, 4, 24, 1, 27, 5, 51, 55, 52, 48] . The problem of single-and/or multiphoton filtering of two-level systems has been studied in, e.g., [16, 15, 40, 12] . The explicit expression of the output field state of a two-level system driven by a single-photon state is given in [32] .
The paper is organized as follows. In section 2, some preliminary results are reviewed, including quantum system and field, two-level system, single-photon and two-photon states. The explicit form of the output field state for a two-level system driven by a two-photon input state in a single input channel is discussed in section 3. The scenario of a two-level system driven by two counter-propagating photons is considered in section 4. Two examples are given in section 5. Section 6 concludes this paper.
Preliminary
Notation |0 denotes the vacuum state of a free field, |g and |e stand for the ground and excited states of a two-level system respectively. The symbol † stands for the complex conjugate of a complex number or the adjoint of a Hilbert space operator. σ− = |g e|, σ+ = |e g| = (σ−) † , σz = 2σ+σ− − I, where I is the identity operator. δ(t) is the Dirac delta function. i = √ −1. The commutator between two operators A and B is [A, B] = AB − BA.
System and field
In this subsection, quantum systems and fields are briefly introduced, more details can be found in, e.g., [19, 33, 13, 3, 2, 43, 45, 48] .
The (S, L, H) formalism [14, 41, 54] is very convenient for describing Markovian quantum systems and networks. Here, S is a unitary scattering operator, the operator L determines the coupling between the system and the environment (which in this paper is a light field), and the self-adjoint operator H is the initial system Hamiltonian. S, L, and H are all system operators defined on a Hilbert space HS in which system states reside. For clarity of presentation, in this paper we assume that S = I, namely, an identity operator. The light field has a bosonic annihilation operator b(t) and a creation operator b † (t) (the adjoint operator of b(t)); these are operators on a Fock space HF (an infinite-dimensional Hilbert space). These field operators have the following properties
Define integrated annihilation and creation field operators B(t)
dr, where t0 is the initial time, i.e., the time when the system starts its interaction with the field.
The dynamics of the compound (system plus field) system can be described by a unitary operator U (t, t0) on the tensor product Hilbert space HS ⊗ HF , which is the solution to the following quantum stochastic differential equation (QSDE) in Ito form
with the initial condition U (t0, t0) = I. In Heisenberg picture, a system operator X at time t ≥ t0 is
which is an operator on HS ⊗ HF and solves the following QSDE
with the initial condition jt 0 (X) = X ⊗ I, where the Evans-Parthasarathy superoperators are, [40] ,
After interaction, the quantum output field
is generated, which is also an operator on HS ⊗ HF and whose dynamics are given by the following QSDE
In this paper, instead of integrated quantum processes B(t) and Bout(t), we find it more convenient to work directly with the quantum processes b(t) and
Moreover, the output field annihilation operator bout(t) enjoys the following property, see, e.g. [2, Section
Finally, let τ = max{t1, t2}. Then by Eq. (2.10), we have
However, noticing Eq. (2.1), we conclude that
Eq. (2.11) is the so-called self-nondemolition feature of quantum light fields, [2] .
Two-level system
In the (S, L, H) formalism introduced above, the two-level system studied in this paper has the following system parameters
where κ > 0 determines the coupling strength between the system and the field, and ω d ∈ R is the frequency detuning (between the carrier frequency of the input field and the transition frequency of the two-level system). With these parameters, by Eqs. (2.4) and (2.8) we have the following QSDEs
Alternatively, we may write the system (2.12)-(2.13) in the following forṁ
14)
Next, we study several properties of the system (2.14)-(2.15). Firstly, notice
That is, the coupling operator L does not generate photons and the initial system Hamiltonian H does not excite the two-level system. As a result, when this system is initialized in the vacuum state |g and is driven by a two-photon state (to be discussed in the sequel), at any time instant t the joint system may have either two photons in the field, or one photon in the field and one excited atomic state. That is, the number of excitations is a conserved quantity at all times. (Here the word "excitation" stands for a photon or an excited two-level system.) Secondly, by Eq. (2.16), it can be shown that [32, Lemma 3] , up to a global phase factor, the solution U (t, t0) to the QSDE (2.2) satisfies
Multiplying both sides of Eq. (2.17) by U (t, t0) 
That is,
Thirdly, it is worth mentioning that the quantum causality conditions [46] [
Eq. (2.22) indicaes that system operators X(t) is influenced by the past input field b(r) (t0 ≤ r < t). On the other hand, it is clear that [
Two-photon states
Given a function ξ ∈ L2(R, C), define an operator
whose adjoint operator is
A continuous-mode single-photon state can be defined to be 26) where ξ = 1 for normalization. For example, if the pulse shape is 27) where u(t) is the Heaviside function
then in the frequency domain we have
Clearly, f [iω] describes a Lorentzian spectrum with full width at half maximum (FWHM) γ [23] .
In the calculation of various few-photon states, the notation
turns out to be very useful. By Eq. (2.1) we have
Moreover, by Eqs. (2.25) and (2.28), the single-photon state |1 ξ can be re-written as
That is, the single-photon state |1 ξ is in the form of continuum superposition of |1t . Consequently, {|1t : t ∈ R} is a complete single-photon basis. Similarly
is an identity in the one-excitation case.
In what follows, we introduce two-photon states. Given two functions ξ1, ξ2 ∈ L2(R, C) satisfying ξ1 = ξ2 = 1, we define an uncorrelated two-photon state by
where
two-photon Fock state [1] , [40] . More generally, an arbitrary continuous-mode two-photon state can be written as
where f (p1, p2) is an ordinary function of two time variables p1 and p2, satisfying the symmetry property f (p1, p2) = f (p2, p1). It can be easily checked that
is a complete orthonormal basis of continuous-mode two-photon pure states. As a result,
is an identity in the 2-excitation system.
One-channel case
In this section, we consider a two-level system which is driven by a two-photon state |2 ξ 1 ,ξ 2 . The main result is an explicit expression of the steady-state output field state. Integrating (2.14)-(2.15) from t0 to t gives
Assume that the two-level system is initialized in the ground state |g and the input field is in the twophoton state |2 ξ 1 ,ξ 2 , as is defined in Eq. (2.30) above. Then the initial joint system-field state is
By the Schrödinger equation, the joint system-field state at time t ≥ t0 is
In this paper we are interested in the steady-state output field state, that is, we assume that the interaction starts in the remote past (t0 = −∞) and terminates in the far future (t = ∞), [37, 38, 10, 39, 36, 35, 47, 21, 46, 32, 31] . In the steady state, the two-level system is in the ground state |g and the two photons are in the output field. Thus, the steady-state output field state is obtained by tracing out the system |Ψout = lim
The aim of this section is to derive analytic expressions of |Ψout . We first state a result for the single-photon case. Define a time-domain function
And define another function η(t) via convolution
It has been proven in [32] that the steady-state output field state of the two-level system driven by a single-photon state is another single-photon state. More specifically, The following lemma is important in the proof of the subsequent lemmas.
Lemma 3.2 If the system (2.14)-(2.15) is initialized in the ground state |g and driven by a two-photon state |2 ξ 1 ,ξ 2 , then
(3.42)
Proof. As discussed above, the system (2.14)-(2.15) satisfies the conditions (2.16). As a result, if the system is initialized in the ground state |g and driven by a two-photon state |2 ξ 1 ,ξ 2 , the number of excitations of the joint system is always 2 for all times. Consequently,
is a complete orthonormal basis of this 2-excitation system. We have 
With the help of Lemma 3.2, the following result expresses the steady-state output field state |Ψout in a form that facilitates the derivation of its final analytic expression. 
The proof of Lemma 3.3 is given in Appendix A. Lemma 3.3 tells us that to derive the steady-state output field state |Ψout , we have to calculate the two terms 0g|σ−(p1)bout(p2)b Lemma 3.5 We have
(3.47)
By Lemmas 3.4 and 3.5, we have the following result.
Lemma 3.6
The steady-state output field state is
where Remark 3.2 By the explicit expression of η1(p1, p2) given in Eq. (3.49), it is hard to see that η1(p1, p2) is symmetric. In the following, we derive a function η(p1, p2), which, in contrast to η1(p1, p2) defined in Eq. (3.49), exhibits the symmetry η(p1, p2) = η(p2, p1) more clearly.
Lemma 3.7
(3.51)
Proof. By Eq. (2.11) we have
In analog to Eq. (3.49), the term
(3.53)
Define the overall pulse shape
Then by Eqs. (3.49) and (3.53) we have Eq. (3.51). Thus, the steady-state output state is that in Eq. (3.50). The proof is completed.
Remark 3.3 From Eq. (3.51) one can see that the output pulse shape contains 16 terms. Interestingly, in the study of quantum filtering of a two-level system driven by the two-photon state |2 ξ 1 ,ξ 2 , a system of 16 ordinary differential equations are needed to represent the two-photon filter or the master equation [40] . That is, there is consistency between output two-photon field state and two-photon quantum filtering.
The expression of the steady-state output field state in Eq. (3.51) has 16 terms, which look rather complicated. In what follows we present the main result of this paper, which gives a much compact form of the steady-state output field state |Ψout . and
Theorem 3.1 The steady-state output field state is
If further ξ1 = ξ2 = ξ (an input two-photon Fock state), then ν1 = ν2 = ν, and
The proof of Theorem 3.1 is given in the Appendix B.
Remark 3.4 By the explicit form of ζ(p1, p2) which is given in Eq. (3.56), we can see that the interaction between the two-level system and the two input photons is not a linear transformation.
Two-channel case
In this section, we consider the two-level system which is driven by two input channels, each containing one photon. Assume there is no detuning (namely ω d = 0), the system model iṡ
(4.57)
Define a function in the time domain
(4.58)
The initial joint state is
where ξ1 = ξ2 = 1. At time t, the joint system-field state is
The steady-state output field state is |Ψout = lim
Notice that lim
and lim
where the two-photon basis
So we need to calculate the following quantities:
The following lemmas simply present the calculation for the quantities given by Eqs. (4.63)-(4.66), which can be easily verified. 
By Lemma 4.3, we have the following result.
Lemma 4.4 We have
where gG ij (t) is the (i, j) entry of gG(t) defined in Eq. (4.58).
The steady-state output field state (4.62) can be re-written as 
(4.74)
In particular, if κ1 = κ2 = κ, ξ1 = ξ2 = ξ, then
=η21(p1, p2).
(4.76)
The resulting steady-state output field state is 
Numerical studies
In this section, Example 1 is used to demonstrate the results in section 3 (the one-channel case) and Example 2 is for section 4 (the two-channel case). Example 1. In this example, we study the Wigner spectra of input and output two-photon states. The two-time correlation function of a two-photon state |2 ξ 1 ,ξ 2 is given by where the subscripts "ξ1" and "ξ2" indicate that expectation is taken with respect to the two-photon state |2 ξ 1 ,ξ 2 . Applying the Fourier transform to the correlation function r(t, τ ), yields the Wigner spectrum [44, 11, 9 ]
Inserting the input state Eq. (2.30) and the output state Eq. (3.54) into Eq. (5.78), we can get the input and output covariance functions rin(t, τ ) and rout(t, τ ), respectively. Then by the definition of Wigner spectrum in Eq. (5.79), the input and output spectra can be derived, which are shown in Fig. 1 .
In Fig. 1 , we assume that
where γ is the pulse shape parameter and u(t) is the Heaviside function:
That is, the input state |2 ξ 1 ,ξ 2 is a two-photon Fock state with decaying exponential pulse shapes. Notice that the input Wigner spectrum, shown in Fig. 1(a) , is monotonically increasing when t < 0, while it falls to zero suddenly at t = 0 (This can be clearly seen by Eq. (5.80)). In contrast, the output Wigner spectrum, shown in Fig. 1(b) , exhibits complex behavior. Specifically, the spectrum remains very small when t < 0. This indicates that the energy is mostly shared by the input field and the two-level system. At t = 0, there is a sharp increase in the output Wigner spectrum, which implies that partial energy leaks out at t ≥ 0 suddenly. Interestingly, the output Wigner spectrum decreases monotonically in the time period t = 0 and t = 0.4; after that it increases monotonically. On the other hand, if we read in the frequency perspective (along the ω axis), we can see that, as t increases, the output Wigner spectrum becomes very large near the line ω = 0. This is consistent with the Wigner spectrum of Wiener process, [11, Fig. 2] . Example 2. The system could be depicted as in Fig. 2 . In this scheme, the first output channel bout,1 can be regarded as the right-going direction, while the second output channel bout,2 indicates the left-going direction. The pulse shapes of the two input photons are given respectively by
where γi are the pulse shape parameters, u(ti) are the Heaviside function defined in Eq. (5.81). The photon i is coupled to the two-level system with the coupling strength κi (i = 1, 2). Clearly, the input field state is a product state B † 1 (ξ1)|01 ⊗ B † 2 (ξ2)|02 . According to Theorem 4.1, the two photons in the output channels are entangled by the two-level system. Two cases of simulation have been performed:
Case 1 the two photons have the same pulse shape, namely, γ1 = γ2;
Case 2 the two photons are equally coupled to the two-level system, namely, κ1 = κ2. The three subfigures correspond to the probability that the two photons are: (a) in the first output channel, (b) in the second output channel, and (c) one in each output channel. We choose the pulse shape parameters γ 1 = γ 2 = 1.0.
We look at Case 1 first. The simulation results are summarized in Fig. 3 . In this figure, we have considered the following three scenarios:
(a) the probability P11 of observing two photons in the first output channel, see Fig. 3(a); (b) the probability P22 of observing two photons in the second output channel, see Fig. 3(b) ; (c) the probability P12 of observing one photon in each output channel, see Fig. 3(c) .
By Theorem 4.1, we have
and
For ease of presentation, we fix γ1 = γ2 = 1 in our simulation. The probabilities under different coupling strengths κ1, κ2 are shown in Fig. 3 . We have the following observations.
• P11 is large when κ1 is small and κ2 is big (the up-left corner), see Fig. 3(a) . It agrees with the waveguide QED scheme proposed in [56, Fig. 4(d) ]. This phenomenon can be interpreted in the Figure 4 : (Color online) The probability P of observing at least one photon in the first output channel.
following way. In the strong-coupling limit with respect to a big κ2, the two-level system acts as a mirror for the second input photon, and this photon is nearly reflected. While in the first channel, the photon is perfectly transmitted due to the weak-coupling (small κ1) with the two-level system. Thus, high probability values for observing two photons in the first output (in other words, right-going) channel can be attained.
• Similar as above, by symmetry, P22 is large when κ2 is small and κ1 is big (the bottom-right corner), see Fig. 3 (b).
• P12 decreases as coupling strengths κ1 and κ2 increase, see Fig. 3(c) . In particular, P12 is close to zero when κ1 = κ2 ≥ 4. That is, both photons are either in the first output channel or in the second output channel. Before interaction with the two-level system, there is one photon in each channel. Thus, strong nonlinear interaction (large κ1, κ2) between the two photons, controlled by the two-level system, occurred that makes the two photons exit from the same channel. This can be regarded as a continuous-variable version of the famous Hong-Ou-Mandel (HOM) effect [18, 23, 55] .
Next, we look at Case 2. The probability P of observing at least one photon in the first output channel (namely, P11 + P12) is simulated and the results are shown in Fig. 4 . Notice that P ≥ 0.7 for all the cases in Fig. 4 , in contrast to Fig. 6 in [31] . It can be seen that high probability values are concentrated in the area of small γ2 and big γ1 (the bottom-right corner). If we fix γ2 = κ and let γ1 ≥ γ2, we may get the black lines in these subfigures. In this case, the probability P increases as γ1 increases. Particularly, if γ1 is very big as compared to γ2, it can be observed that P is bigger than 0.9, equivalently P22 is less than 0.1. In the limit, P22 → 0, i.e., two photons hardly exit from the second output (left-going) channel. This can be interpreted as follows. When γ2 = κ, the two-level system can be fully excited by the input photon in the second input channel [32] . Thus, when γ1 ≫ γ2, the process is similar to the one where the photon in the first input (right-going) channel interacts with an excited two-level system. Therefore, our scheme can be regarded as a process of simulated emission, see, e.g., [36, Fig. 2(a) ].
Conclusion
In this paper, the nonlinear photon-photon interaction controlled by a two-level system has been investigated. The output two-photon states have been explicitly derived when the input state is either a two-photon state or a tensor product of two counter-propagating single-photon states. For both cases, simulation results have demonstrated rich and interesting properties of output two-photon states induced by the control of the two-level system on the two input photons.
where Eq. (2.91) is used in the last step. Because gG * ξ1(p1) × ξ2(p2) − gG * ξ1(p1) × κ (2.97) Then η(p1, p2) = ν1(p1)ν2(p2) + ν2(p1)ν1(p2) + ζ(p1, p2) + ζ(p2, p1).
where functions ν1, ν2, and ζ are given in Eqs. (3.55) and (3.56) respectively. As a result, the steady-state output state is
Eq. (3.54) is established.
